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Abstract
We show analytically that the ability of Dirac materials to localize an electron in both a bar-
rier and a well can be utilized to open a pseudo-gap in graphene’s spectrum. By using narrow
top-gates as guiding potentials, we demonstrate that graphene bipolar waveguides can create a
non-monotonous one-dimensional dispersion along the electron waveguide, whose electrostatically
controllable pseudo-band-gap is associated with strong terahertz transitions in a narrow frequency
range.
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Graphene’s gapless, relativistic spectrum leads to many unusual transport properties [1],
such as Klein tunneling [2] and the suppression of back scattering [3]. Graphene also ex-
hibits strong optical transitions, with a universal absorption of pie2/~c ≈ 2.3% over a broad
range of frequencies [4]. These defining features of graphene make electronic and optical
control difficult to achieve. Indeed, for the realisation of optoelectronic devices which capi-
talize on the relative nature of graphene’s dispersion, one must overcome certain undesirable
relativistic features, without destroying all the attractive effects.
For optoelectronic devices applications, it would be highly desirable to modify graphene’s
spectrum such that it possesses valence-like and conduction-like bands, separated by an
externally tunable pseudo-bandgap (a true gap would require a drastic modification of the
material by either functionalization, cutting or rolling), as well as reduce the freedom of
quasiparticle motion from two-dimensions down to one. In essence, we wish to form an
analog of a narrow-gap carbon nanotube spectrum, without physically deforming the sheet
by cutting it to make a ribbon, or rolling it to form a nanotube. Such a pseudo-gap would
result in the giant enhancement of the probability of optical transitions across the gap [5].
However, unlike a nanotube or ribbon, whose bandgap is predefined by geometry, we seek to
create a pseudo-gap which is fully tunable, without the need for huge magnetic fields [6, 7].
Rather than achieving the quantization of momentum through geometry like a nanoribbon,
or nanotube does, one may instead quantize momentum via the application a quasi-one-
dimensional (1D) electrostatically defined potential, i.e., by using electron waveguides [8–20].
Unlike a physical tube whose radius cannot be changed, externally applied potentials can
be easily varied. There has been significant experimental progress since the pioneering work
in the field of graphene electron waveguides [21–26] and the recent breakthrough of utilizing
a nanotube as a top gates [27] enabled the detection of individual guided modes within a
single waveguide. However, apart from graphene waveguides possessing a threshold in the
characteristic potential strength required to observe a fully bound mode [14, 28], one could
argue that a single graphene electron waveguides provides similar physics to that studied in
quasi-1D channels within conventional semiconductor systems. Indeed, the absolute value
of electron momentum along the direction of a waveguide formed by an attractive potential
(quantum well) defines the electron’s effective mass. Confined states of a deep well start
with negative energy and for large values of momentum have a positive dispersion along
the waveguide. Similarly, a potential barrier can also form a waveguide, where the confined
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electron states have negative dispersion, i.e., are hole-like. This raises the question what
happens when branches of negative and positive dispersion meet? Answering this question is
the focus of this Letter. In what follows we show that a bipolar electronic waveguide is a fully
tunable quasi-1D system with a non-monotonous dispersion accompanied by pseudo-gaps,
characterized by a giant enhancement of density of states and interband dipole transition
probabilities in the energy range where graphene’s own density of states is rather small.
In addition we present a general analytic formalism allowing us to find with a spectacular
degree of accuracy the main features of a bipolar waveguide from the properties of a single
quantum well.
Transmission through single and multiple barriers in graphene has been a subject of exten-
sive research [2, 9, 21–23, 29–36] including periodic potentials [37] and sinusoidal multiple-
quantum-well systems [38, 39]. Despite this significant body of research, the phenomenon
of pseudo-gap formation in bipolar waveguides has been hitherto overlooked. It should be
emphasized that the idea of using bipolar waveguides stems directly from the essential fea-
ture of graphene, as a gapless material, that a potential barrier can contain guided electron
modes, effectively acting as a potential well. For non-relativistic particles, the probability
of tunneling between two wells results in the splitting of energy levels, to form a doublet
state. In contrast, the probability of tunneling between a well and a barrier in graphene
results in the bands forming an avoided crossing at finite ky, where ~ky, is the momentum
along the waveguide. As we demonstrate below, by modulating the applied voltage, bipo-
lar waveguides have fully controllable pseudo-gaps, which exhibit extremely strong optical
transitions. Not only this, but these transitions occur in the highly elusive and desirable
THz frequency range. This part of the electromagnetic spectrum is notoriously difficult to
generate and manipulate [40]. Therefore, by using a suitably chosen combination of guiding
potentials, one can transform a graphene sheet into a narrow-gap nanotube without rolling,
where the effective nanotube radius is controlled by the strength of the applied potential.
Inspired by the most advanced experimentally attainable waveguides [27], our proposed
bipolar waveguide is defined by two nanotubes (top gates), of radius r0, separated by a
distance d, as shown in Fig. 1 (a). Both nanotubes are placed at a height, h, above the
metallic substrate. The potential profile in the graphene plane separated from the same
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FIG. 1. (a) The schematic of the proposed experimental setup and (b) a comparison between
the potential created by two nanotubes, separated a distance d = 175 nm, with h = 40 nm,
and t = 20 nm (grey line) and the linear combination of a well and barrier defined by shifted
±u0/ cosh(x/L) functions (black dashed line) for the case of φ1 = −φ2 = 0.25 V, matching both
their peak values and second-derivative at their maxima.
substrate by another distance t is given by the expression:
u (x) =
eφ˜1
2
ln
[(
x+ d
2
)2
+ (h− t)2(
x+ d
2
)2
+ (h+ t)2
]
+
eφ˜2
2
ln
[(
x− d
2
)2
+ (h− t)2(
x− d
2
)2
+ (h+ t)2
]
, (1)
where φ˜1,2 = φ1,2/ ln
(
2h−r0
r0
)
, and φ1 (φ2) is the applied voltage between the left (right)
nanotube and the back gate. The expression above can be easily modified when the top
gates are fully embedded in a dielectric material. In the above-mentioned recent work [27],
a smooth electron waveguide was fabricated using a carbon nanotube as a top gate and the
graphene sheet was sandwiched in between two layers of hexagonal boron nitride (h-BN).
The top h-BN layer had a thickness, h, of between 4 and 100 nm, and the bottom layer
had a thickness, t of around 20 nm. It can be seen from Fig. 1 (b) that the potential in
the plane of the graphene sheet, derived using image charges in the substrate, can be very
well approximated by a linear combination of two shifted hyperbolic secant functions. It
is convenient to use this particular approximation because for a single well, the hyperbolic
secant potential possesses quasi-exact solutions to the Dirac equation [14, 16, 41]. This
will enable us to treat both the size of the pseudo-gap and the optical transitions across it
analytically.
The low-energy quasiparticle behaviour in graphene is known to be described with spec-
tacular accuracy by the 2D Dirac equation for massless fermions [42]. In the presence of
a confining electrostatic potential, U(x), the effective 1D matrix Hamiltonian for confined
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modes in a graphene waveguide can be written in the standard basis of graphene’s two
sub-lattices as
Hˆ = ~vF
(
kˆxσx + sKkyσy
)
+ IU(x), (2)
where kˆx = −i ∂∂x , ky is a wavenumber corresponding to the motion along the waveguide,
σx, y, z are the Pauli spin matrices, I is the 2 by 2 unit matrix, vF is the Fermi velocity, which
is approximately ≈ 106 m/s, and sK is the valley quantum number, which has the value of
+1 and −1 for the K and K’ valley respectively.
We are interested in the situation when U(x) is a combination of two fast decaying
potentials separated by a distance d. For a better understanding of the underlying physics
it is instructive to look both at the same and different sign constituent potentials. This
allows a comparison with the familiar non-relativistic results for the double quantum well.
The results are especially transparent for a quasi-one dimensional potential formed by a
combination of either; a well and a barrier of the same strength, or, two equal wells:
U (x) = u
(
x+
d
2
)
± u
(
x− d
2
)
, (3)
where, u (x) is an individual symmetric potential well, for which the Hamiltonian, Eq. (2),
admits exact zero-energy eigenfunctions, which we denote as Ψ0 (x). The function Ψ0 (x)
is normalized and assumed to rapidly decay outside of the well. The tunneling between
wells, or between a well and a barrier, results in the energy level, E = 0, splitting into
two levels, E1 and E2. At E = 0, the barrier wave function, denoted Ψ−, is the complex
conjugate of the well wave function, Ψ− = Ψ?0
(
x− d
2
)
, reflecting the fact that the barrier
for electrons is a well for holes; whereas, for the two-well case Ψ+ = Ψ0
(
x− d
2
)
. In the
weak wavefunction overlap approximation, resembling the tight-binding (Hu¨ckel molecular
orbital) methods widely used in solid-state and molecular physics, we may write the wave
functions corresponding to eigenvalues E1 and E2 as:
Ψ1 =
1√
2
[
Ψ±
(
x− d
2
)
+ Ψ0
(
x+
d
2
)]
, (4)
Ψ2 =
1√
2
[
Ψ±
(
x− d
2
)
−Ψ0
(
x+
d
2
)]
. (5)
Following an approach similar to the non-relativistic case [43], but for a matrix Hamiltonian,
the energy level splitting, Eg = |E2 − E1|, can be shown to be
Eg = 2~vF
∣∣∣∣Ψ†±(−d2
)
σxΨ0
(
d
2
)∣∣∣∣ . (6)
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It should be noted that there is a striking difference between the relativistic and non-
relativistic case. For the non-relativistic case the splitting is proportional to the product of
the single well function and its derivative [43]; whereas, in the relativistic case, it depends
only on the individual well and barrier functions (or the two shifted well functions for the
double well). For simplicity, we considered above two potentials of equal strengths, and
estimated the splitting of the E = 0 state. These results can be easily generalized for non-
equal potentials and non-zero values of energies as long as the energy levels in the individual
potentials coincide (see supplementary information [44]). This theorem demonstrates the
utility of quasi-exact solutions to the Dirac equation [14, 16, 28] for bipolar waveguides.
Indeed, the exact solutions often correspond to the case where there is symmetry between
the positive and negative energy solutions, allowing all pseudo-gaps to be treated within this
formalism. Furthermore, knowledge of the exact wave-functions allows the matrix element
of optical transitions across the pseudo-gaps to be calculated analytically.
In what follows we shall model a bipolar waveguide as
U(x) = − u1
cosh
[(
x+ d
2
)
/L
] + u2
cosh
[(
x− d
2
)
/L
] . (7)
For u1 = u2 = u0 > 0, this smooth potential indeed provides an excellent fit to the realistic
potential generated by two oppositely charged nanotubes above the surface of graphene, see
Fig. 1 (b). Also each of the individual secant potentials supports exact analytic solutions at
E = 0 [14], allowing the comparison of the numerical results with the approximate formula,
Eq. (6). It is convenient to introduce similar dimensionless parameters as Ref. [14], namely
ω = u0/(~vF/L) and ∆ = |ky|L. In the absence of inter-potential tunneling, the dispersion
lines of the well and barrier (indicated in Fig. 2 by blue and red lines respectively) cross when
∆n = ω−n−1/2, where n is a positive integer [14]. The corresponding exact wavefunctions
when substituted into Eq. (6) yield the following approximate expression for the n = 0
pseudo-gap (see supplementary information [44])
Eg/ (~vF/L) ≈ 2 exp (−∆0d/L)
B (1 + ∆0,∆0)
, (8)
where B(m,n) is the Beta function. This formula gives an extremely good approximation
to the numerical solution in the limit when the ratio between the wire separation and the
effective width of the potential is large, i.e., d/L 1.
In Fig. 2 we plot the numerically obtained energy dependence on ∆, i.e. the momentum
along the barrier in dimensionless units, for the cases of ω = 0.75 (panel (a)) and ω = 1.75
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FIG. 2. The energy spectrum in dimensionless units, ε = E/(~vF/L) vs ∆ = |ky|L, of confined
states in a bipolar waveguide (shown as black dotted lines), for a tube separation of d/L = 8 and
a potential strength of (a) ω = u0/(~vF/L) = 0.75 and (b) ω = 1.75. The blue and red lines show
the dispersion lines for an isolated well and barrier respectively. The inset shows the detailed view
of the second (for a larger value of ∆) zero-energy gap opening. The boundary at which the bound
states merge with the continuum, |E| = ~vF |ky|, are denoted by the grey lines.
(panel (b)). In both cases the two oppositely charged nanotubes are separated by a dis-
tance d/L = 8, which corresponds to approximately 175 nm for the case of h = 40 nm
and t = 20 nm. At this distance the energy-level splitting formula, Eq. (6), accurately
predicts the value of the n = 0 pseudo-gap within a few per cent error. This error becomes
one order of magnitude smaller when d/L = 12. It is instructive to compare these elec-
trostatically induced pseudo-gaps with curvature-induced gaps in carbon nanotubes. For a
narrow-gap carbon nanotube, it is well established that the larger is its radius, the smaller
is the curvature-induced gap [45]. Therefore, the strength of the applied voltage, for a par-
ticular guided mode, can be mapped to the radius of the nanotube. Increasing the voltage
results in more tightly confined guided modes, characterised by a higher value of ∆0 enter-
ing Eq. (8), therefore we arrive to a smaller value of the pseudo-gap, which moves to the
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right in Fig. 2. It can also be seen from the right panel of this figure that the deeper the
well and higher the barrier, the more states are contained within each channel, increasing
correspondingly the number of avoided crossings appearing in the dispersion. It should also
be noted that although increasing the voltage leads to stronger confinement for lower order
modes, it also results in the appearance of higher order modes which are more spread out,
leading to additional wider pseudo-gaps. In Fig. 2 (b), which corresponds to the case of a
deeper well and higher barrier, we can see two pseudo-gaps at E = 0 as well as additional
pseudo-gaps at non-zero energy since there are more guided modes in the low-energy part
of the spectrum.
FIG. 3. The energy spectrum in dimensionless units, ε = E/(~vF/L) vs ∆ = |ky|L, of
confined states in a bipolar waveguide (shown as black dotted lines), defined by the potential
−u1/ cosh
[(
x+ d2
)
/L
]
+u2/ cosh
[(
x− d2
)
/L
]
, for the case of (a) u1 = u2 = 0.75 ~vF/L, d/L = 12
and (b) u1 = 1.9 ~vF/L, u2 = 0.6 ~vF/L, d/L = 8. The blue and red lines show the dispersion lines
for an isolated well and barrier respectively, while the grey lines show the boundary at which the
bound states merge with the continuum at |E| = ~vF |ky|.
It can be seen by comparing Fig. 3 (a) to Fig. 2 (a) that increasing the distance between
the nanotubes, decreases the size of the gap. This is a result of the decrease in the overlap
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between the well and barrier functions. Technologically it is quite difficult to have exact
control over the precise tube separation. However, this is not so important since it is possible
to control the value of the pseudo-gap by the applied voltage. Furthermore, it can be see
from Fig. 3 (b) that the effect of pseudo-gap opening is robust against asymmetry in the
system. In Fig. 3 (b), the dispersion is recalculated for two tubes separated at the same
distance as in Fig. 2 (a), but with the depth of the well increased to ω = 1.9, while the size
of the barrier decreased to ω = 0.6. This demonstrates that top gates of mismatched radius,
or dissimilar magnitudes of applied voltage will just shift the value in energy in which the
avoided crossing occurs. Although Eqs. (6,8) give for the double well and bipolar waveguide
the same value of energy-level splitting at the value of ky corresponding to E = 0 in a single
well, for the double well there is no pseudo-gap and the dispersion remains monotonous, this
case is considered in depth elsewhere [46].
In what follows we shall demonstrate that much like in narrow-gap nanotubes [5], the
wavefunction intermixing leads to strongly allowed optical transitions across the pseudo-
gaps. The probability of optical transitions is proportional to the squared modulus of the
matrix element of velocity operator between the relevant states. The velocity operator
written in the same basis as the Hamiltonian given in Eq. (2) is [5, 47]
〈Ψf |vˆ|Ψi〉 /vF = σxex + sKσyey, (9)
where Ψi and Ψf are the initial and final states, respectively, and e = (ex, ey) is the light
polarization vector. For linearly polarized light, e = (cos (ϕ0) , sin (ϕ0)), while for right-
and left-handed polarized light e = (1,−i) /√2 and e = (1, i) /√2. Within the small
wavefunction overlap approximation, for a bipolar waveguide defined by the potential given
by Eq. (7) with u1 = u2 = u0 > 0, the matrix element of velocity of the n = 0 mode at
∆ = ∆0 is [44]
|〈Ψ2 |vˆ|Ψ1〉| /vF ≈
∣∣∣∣∣exB
(
1− e−d/L; 1
2
+ ∆0, 0
)
e−∆0d/L
B (1 + ∆0, ∆0)
− i ky|ky|
eyB
(
1
2
+ ∆0,
1
2
+ ∆0
)
B (1 + ∆0, ∆0)
∣∣∣∣∣ ,
(10)
where B(x;m,n) is the incomplete Beta function. For the case of the double well, at the
same value of momentum, the matrix element of velocity of the n = 0 mode is the first term
of Eq. (10), whereas vy = 0. It reflects the fact that transitions in a double well are only
caused by light polarized along the x-direction (normal to the waveguide), similar to the
non-relativistic case.
9
In stark contrast, the transition across the pseudo-gap of a bipolar waveguide is strongly
polarized along the y-axis (waveguide direction). The situation changes away from the
pseudo-gap. For small values of |ky|, the transitions are polarized normally to the y-direction,
as expected from the momentum alignment phenomenon in graphene [47]. For large values
of |ky|, the overlap between the well and barrier wavefunctions becomes very small leading
to vanishing transition probabilities for both polarizations. This effect very much resembles
the situation in a narrow-gap carbon nanotube, where optical transitions polarized along
the nanotube axis are allowed in the narrow energy interval around the curvature-induced
gap [5]. The main difference from a nanotube can be clearly seen from Fig. 4, namely both
transitions polarizations along and normal to the waveguide are allowed across the pseudo-
gap. The contribution of the x-component exponentially decreases with an increase in top
gate potential or the separation between the gates, as can be seen from Fig. 4.
FIG. 4. Polar plots, showing the dependence of the absolute value (the length of the green arrow)
of the velocity matrix element (in units of vF) across the n = 0 pseudo-gaps for dipole transitions
caused by normally-incident linearly polarized light on the angle between the polarization vector
and the x-axis normal to the bipolar waveguide, defined by ω = 0.75, for two different top gate
separations: (a) d/L = 8 and (b) d/L = 12. The analytic approximation is depicted by the dashed
grey line and the numerically obtained values are shown by the black solid line.
The presence of both polarizations for pseudo-gap transitions leads to an effect absent
in both graphene and non-chiral nanotubes. Namely, right- and left-handed polarized light
produces different populations of pseudo-valleys with opposite signs of ky. This can be clearly
seen from Eq. (10). This feature does not depend on the model describing the potential [44].
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The discussed transitions across the pseudo-gap, fully controlled by the top gate volt-
ages, can be easily brought into the highly desirable THz frequency range, which is usually
extremely difficult to control. The presence of the van Hove singularity at the pseudo-gap
edge enhances the strength of these transitions. These effects opens the avenue for novel
gate-controlled polarized sensitive THz detectors based on bipolar waveguides in graphene.
To conclude, we have shown that bipolar waveguides allows for the creation of a non-
monotonous 1D dispersion along the electron waveguide. The repulsion of well and barrier
states results in the appearance of pseudo-gaps in the spectrum, whose size and symmetry
can be fully controlled by the top gate voltages. These gaps can be estimated analytically
for exactly-solvable potentials. The opening of these pseudo-gaps results in strongly allowed
THz transitions with non-trivial optical selection rules. The predicted negative dispersion of
the guided modes may lead to various other physical effects ranging from solitary waves [48]
to Gunn-diode type current oscillations [49].
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